ABSTRACT: For type-A polymer chains having type-A dipoles parallel along the chain backbone (such as cis-polyisoprene), a theoretical analysis was conducted for the rheodielectric response to relate this response to the chain dynamics. The rheodielectric response in the shear gradient direction (y direction) under steady shear was analyzed on the basis of a Langevin equation. It turned out that the relaxation time is exactly the same for the rheodielectric relaxation function and the end-to-end vector autocorrelation function defined in the shear gradient direction and that the relaxation mode distribution also coincides for these functions at least up to second order of the shear rate (corresponding to the lowest order of nonlinearities of these functions). Consequently, the Green-Kubo theorem holds satisfactorily, and the rheodielectric intensity is proportional to the squared chain size in y direction, hR 2 y i, averaged over the time-independent conformational distribution function under steady shear. The situation is more complicated under large amplitude oscillatory strain (LAOS) because the conformational distribution function f LAOS is synchronized with LAOS to oscillate at the LAOS frequency, X. The rheodielectric response under LAOS was found to detect this oscillation of f LAOS being coupled with the oscillation of the electric field, E(t) ¼ E 0 sin xt, and thus, split into a series of components oscillating at frequencies x and x AE bX (b ¼ 1, 2, …). Consequently, the rheodielectric intensity under LAOS, evaluated from the component oscillating at x, is no longer proportional to hR 2 y i. However, the relative mode distribution and relaxation time of this component can be directly related to those of the end-to-end vector correlation averaged over a nonoscillatory part of f LAOS .
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INTRODUCTION
Dynamics in soft materials has been experimentally investigated with a variety of spectroscopies such as the viscoelastic, NMR, and dielectric methods. The same microscopic dynamics is differently reflected/averaged in different properties. 1, 2 For example, for so-called type-A polymers having the electric dipoles parallel along the chain backbone, the linear viscoelastic and dielectric properties in long time scales reflect the isochronal orientational anisotropy and orientational memory of the chain, respectively. 1,2 These properties are commonly governed by the globalchain dynamics, but their details (such as the relaxation mode distribution) are not identical to each other because of the difference between the isochronal anisotropy and the memory, the latter detecting the orientational correlation at two separate times (e.g., 0 and t). 1 Thus, details of the dynamics are better understood if we measure different properties of a given material simultaneously. The well-known example of this simultaneous measurement is the rheooptical measurement, 1,2 which often enables the molecular assignment of a specific relaxation process. The other example is the rheodielectric measurement in which the dielectric response of a material under flow/deformation is detected together with the mechanical response.
Rheodielectric studies have been conducted for a variety of materials [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] that include low molecular weight liquid crystalline (LC), 4(a,b),5,12 carbon black (CB) suspensions, 6 polyelectrolytes (polymer/salt composites), 9 and entangled polymer melts/solutions. 3, 5, 7, 8, [10] [11] [12] In heterogeneous materials, higher order structures tend to be distorted/ disrupted even by slow flow that does not affect the dielectrically active molecular motion itself. For this case, the rheodielectric change just detects the structural changes (affecting the direction of molecular motion/current conduction) such as the orientation of LC textures 4(a,b) and scission of CB network. 6 In contrast, the rheodielectric effect for homogeneous systems usually detects changes of the molecular motion due to flow/deformation. This effect needs to be analyzed on the basis of a theoretical expression of the dielectric relaxation function U(t) that relates the rheodielectric response to the molecular dynamics. In this paper, we focus on this expression for homogeneous systems of a representative type-A polymer having rather small type-A dipoles, cis-1,4-polyisoprene (PI).
For PI at equilibrium, the Green-Kubo theorem [13] [14] [15] unequivocally leads to the Cole expression 13 in which U(t) is given as the autocorrelation of the end-to-end dipole averaged over the equilibrium distribution function of the chain conformation. Previous work 3, 7 considered that U(t) of PI under steady shear is similarly expressed as the autocorrelation averaged over the time-independent distribution function under shear given that local equilibrium is achieved, but this expression was not rigorously proved. Under large amplitude oscillatory shear (LAOS), the same expression has been utilized 11, 12 without any justification.
This paper attempts to theoretically analyze the rheodielectric response of PI under steady shear and LAOS and relate the response to the conformational dynamics of the PI chains. For this purpose, we consider only the fluctuation of permanent type-A dipoles. (The instantaneous responses reflecting the atomic/electronic polarization as well as the local segmental motion can be simply added to the resulting dielectric function.) For convenience of this analysis, we first revisit the known derivation of the Cole expression for U(t) at equilibrium. 13 Then, we examine if the same expression is valid under steady shear flow and LAOS. Readers familiar with the Cole expression can skip the first part of the next section.
RESULTS AND DISCUSSION
Dielectric Signal at Equilibrium (Cole Expression) 13 We consider an equilibrium system of type-A chains (e.g., PI) that have just a small type-A dipole moment,l per unit length of the chain backbone, and exhibit negligibly small dipoledipole interaction (l 2 ( k B T with k B ¼ Boltzmann constant and T ¼ absolute temperature). We apply a weak, time (t) dependent electric field E(t) in y direction and detect the macroscopic polarization P(t) in the same direction. The end-to-end dipole of the jth chain in this direction is given bylR y,j with R y,j being the y component of the end-to-end vector of this chain. P(t) of our interest is given by a sum of these dipoles being averaged over a conformational distribution function f(p, q, t) in the presence of the electric field, where f is defined in the phase space specified by generalized momentum p and coordinate q. As explained in Appendix A, we can express the time evolution of f(p, q, t) in terms of the time-independent equilibrium distribution function f o (p, q) (in the absence of the electric field) and the Hamiltonian of the system to find an explicit expression of P(t),
where m denotes the chain number density and h…i eq : $dp dq … f o (p, q). Since the system is stationary at equilibrium, that is, hA(t)B(s)i eq ¼ hA(t À s)B(0)i eq and hA(t){dB(s)/ds}i eq ¼ À@hA(t À s) B(0)i eq /@t for any microscopic quantities A and B, eq 1 reduces to
U(t) is the normalized dielectric relaxation function (U(0) ¼ 1) that detects the autocorrelation of the end-to-end vector of the PI chains at equilibrium. The dynamic dielectric constant (or dielectric permittivity) e 0 (x) and dielectric loss e 00 (x) under the small oscillatory electric field, E(t) ¼ E 0 sin xt, are related to U(t) as e 0 ðxÞ ¼ e 0 ð1Þ À De
e 00 ðxÞ ¼ ÀDe
In eq 3a, we have introduced the high-frequency dielectric constant reflecting the atomic/electronic polarization and the local segmental motion, e 0 (1), not considered in derivation of eq 1. In addition, in eq 4, we have introduced a correction factor for the internal electric field F (%1 for the global relaxation of PI 16 ) as well as the prefactor of 4p (in MKSA units).
Dielectric Signal from PI under Steady Shear
The macroscopic polarization P(t) of type-A chains under steady shear can be expressed in terms of the end-to-end dipoleslR y,j and the conformational distribution function f(p, q, t) in the presence of the electric field, as similar to the situation at equilibrium. However, the time evolution of f(p, q, t) under steady shear is affected by advection 15, 17 and we cannot rigorously derive the expression of P(t) in a way explained in Appendix A. In fact, the nonequilibrium statistical analysis by Evans et al. [17] [18] [19] suggests that the Green-Kubo theorem, showing the coincidence of the macroscopic response function and the autocorrelation function (cf. eq 1), is valid under steady shear for thermally driven heat conduction and particle diffusion but not for transport phenomena driven by a vectorial field. [17] [18] [19] Since the rheodieletric response belongs to the latter case, the GreenKubo theorem would not be valid rigorously for this response. Furthermore, the entropy production under steady shear 20, 21 would also result in this lack of rigorous validity.
In this situation, it is very important to quantify differences between the relaxation time/mode distribution of the rheodielectric relaxation function (measured for PI 7, 8, 10 ) and those of the endto-end vector autocorrelation function. For this purpose, this section utilizes a Langevin equation to make a kinematic analysis of the rheodielectric response. This analysis is equivalent to an analysis based on the Hamiltonian and distribution function (made in Appendix A), but the results are easier to discuss for the Langevin analysis.
Langevin Analysis
We consider an ensemble of type-A linear chains, for example, PI, each being composed of Nþ1 segments and having the dipole momentl per unit length of the backbone. (We consider a case of N ) 1 and do not distinguish N and Nþ1.) Since this chain is equivalent to a totally neutral chain having negative and positive charges Àl andl at zero-th and Nth segments, the force acting on nth segment of the chain due to a constant electric field E in the y direction can be expressed as
The time evolution of the position r(n, t) of nth segment is determined by the Langevin equation describing a balance of the frictional force, intrachain and interchain potential forces, the Brownian force, and this F E (n, t). Within the mean-field treatment where the interactions for a given chain from the surrounding chains are preaveraged, this equation can be cast in a general form, In eq 6, f is the segmental friction coefficient and F B (n, t) is the Brownian force that can be safely assumed to have a white-noise character, hF
) with I ¼ unit tensor. In general, K(n; _ c) is a three-dimensional tensorial operator with respect to n (having components K ab with a, b ¼ x, y, and z) and may explicitly depend on the shear rate _ c. This K, giving the potential forces for a given chain conformation r(n, t) thereby governing the chain motion, is determined by an effective Hamiltonian of the chain under steady shear.
The actual chain motion can be decomposed into eigenmodes, as noted from experiments for a special type of linear PI having inverted type-A dipoles.
1,22-24 Thus, we may safely assume that K is a linear operator associated with the eigenmodes. In fact, the dielectric mode distribution of linear PI hardly changes under the steady shear conditions examined so far, 7 suggesting that the eigenmodes are well defined and K is linear under these conditions. (For completeness, the other type of Langevin analysis without the assumption of the linearity of K is later explained in Appendix C, although this analysis cannot give explicitly the dielectric relaxation time/intensity.)
On application of the constant electric field E at t ¼ 0 in the shear gradient (y) direction, the polarization of the steadily sheared type-A chains grows in this direction with time. The unnormalized dielectric relaxation function characterizing this growth is given by U 
and
The parameters k b , Q i,j , and Q
À1
i;j appearing in eqs 9 and 10, being dependent on _ c in principle, are related to a matrix A with its components being defined by Under steady shear, the symmetry of A breaks because of the f _ c term contributing to the component A 3pÀ2,3qÀ1 (cf. eq 11). If the other component A 3pÀ1,3qÀ2 has a nonzero value (which seems to be the case in general), the chain dynamics in y direction is coupled with that in x direction. For this case, U un ss and W ss are not rigorously proportional to each other. However, an argument based on the shear symmetry suggests an approximate proportionality, as explained below.
The relaxation rate K b as well as U un ss (t; _ c) and W ss (t; _ c) are invariant on inversion of the shear direction and thus even functions of _ c. Then, we can generally expand these quantities as , as explained in Appendix B. This validity, deduced from a ''sufficient condition'' for the odd and even symmetries of two types of correlation functions introduced in Appendix B, seems to be a general consequence of the entanglement dynamics that is equivalent to the Rouse dynamics being modified due to topological constraints.
The validity of the Green-Kubo theorem discussed above, in particular the rigorous coincidence of the relaxation times of U un ss (t; _ c) and W ss (t; _ c), was deduced from the Langevin analysis based on the linear operator K (cf. eq 6). As explained in Appendix C, the other type of Langevin analysis without utilizing K also suggests the (approximate) validity, although this analysis cannot give explicit expressions of the relaxation times/intensities. Thus, the validity of the Green-Kubo theorem appears to be a rather general consequence of the Langevin analysis.
Apart from the above argument, we generally expect that K b , U un ss and W ss are affected by the steady shear to the same order of _ c; compare eqs 13a-13c. Thus, in a semiquantitative sense, the shear effect should be insignificant for any two of All above results suggest that the Green-Kubo theorem is valid at least up to the order of _ c 2 and, more importantly, in the range of _ c actually examined for PI. Consequently, the polarization P ss (t) under steady shear can be satisfactorily expressed as
with
The corresponding dielectric intensity under steady shear, De ss , is written as
where the correction factor for the internal electric field, F, and the prefactor of 4p (in MKSA units) have been again introduced (cf. eq 4).
Additional Comments
Concerning the _ c-insensitivity of s e (%1/k 1 ) experimentally observed at _ c \ 30/s o e , one might argue that the chain motion at those _ c remains essentially in equilibrium thereby giving k 1 % k 1 (eq) . However, this is not the case, as noted from significant nonlinearities of viscoelastic data observed in the same range of _ c. As an example, Fig. 1 shows the data of s e , De ss , and the steady state viscosity g measured for an entangled PI solution (molecular weight
, concentration C PI ¼ 15 wt % in an oligomeric solvent); see unfilled symbols. These data are normalized by the respective equilibrium values and plotted against the normalized shear rate _ cs o e . The dielectric s e and De ss are hardly dependent on _ c, while g strongly decreases with increasing _ c. Thus, the PI chains at those _ c exhibit prominently nonequilibrium dynamics that leads to the significant nonlinearity for the viscoelastically detected orientational anisotropy, together with a very small nonlinearity for the dielectrically detected end-toend fluctuation.
The shear-insensitivity of the rheodielectric data unequivocally indicates that the orientational memory of the end-to-end vector of the PI chains (in the shear gradient direction) is hardly affected by steady shear at _ c \ 30/s o e . This fact could be related to a mechanism of flow-induced dynamic tube dilation for linear PI chains under steady shear. 7 However, details of this mechanism have not been well addressed theoretically. In addition, no available molecular model appears to describe consistently/quantitatively the viscoelastic and rheodielectric data shown in Figure 1 . Further theoretical study is strongly desired for this problem.
In relation to the difference between those viscoelastic and rheodielectric data, we remember that a molecular simulation (NAPLES simulation) based on the primitive chain network model 25 reasonably mimicked the data. 26 In the simulation, positive and negative charges (l and Àl) were placed at the chain ends, and the polarization due to a weak electric field was directly evaluated from the spatial distribution of the chain ends. (The resulting dielectric relaxation function was close to U ss (t) defined by eq 14b, 26 lending support to eq 14.) For obtaining better statistics of the NAPLES simulation, it was again made this study (cf. Appendix D) for a larger number of chains and over a longer time scale compared to the previous study. 26 The simulated results, shown with the filled symbols in Figure 1 , are considerably close to the data (unfilled symbols). Although the simulated s e decreases with _ c more rapidly than the experimental s e data and the dynamics considered in the simulation needs to be refined, the simulation captures qualitatively a difference of the nonlinearities for s e and g (stronger for the latter).
Dielectric Signal from PI under LAOS
The dielectric response of entangled linear PI chains under LAOS has been examined experimentally. 11, 12 However, to our knowledge, no analysis has been made for the theoretical expression of the response under LAOS. We here attempt to make an approximate analysis of this response.
The validity of the Green-Kubo theorem under LAOS can be examined, in principle, through the Langevin analysis similar to that under the steady shear explained in the previous section. However, the analysis becomes much more complicated under LAOS because the shear rate tensor (cf. eq 7) oscillates with time for this case. Thus, considering the validity of the Green-Kubo theorem for PI under steady shear at _ c \ 30 /s o e , we attempt to utilize eq 1 (representing this theorem) as a starting equation in our analysis under LAOS. For this attempt, we first need to examine a relationship between the dielectric s o e of PI at equilibrium and the maximum shear rate _ c max ¼ c 0 X for LAOS at the amplitude c 0 and the angular frequency X. The rheodielectric LAOS experiments 10, 11 were conducted under conditions, c 0 1. 6 (where the Green-Kubo theorem holds under steady shear), satisfying the first criterion for the use of eq 1 under the LAOS conditions examined so far. As the second criterion, we need to examine if some fractional interval of time during one cycle of LAOS is long enough to realize a (pseudo) stationary state. Rigorously speaking, the stationary state is never realized under LAOS because the conformational distribution function should be synchronized with LAOS to oscillate at X. However, the experimentally examined X is not significantly larger than 1/s o e , which tempts us to approximate that the (pseudo) stationary state is realized in some fractional interval of time during one cycle of LAOS. This approximation is very crude but necessary for making a simple analysis of the rheodielectric response under LAOS. We believe that this crude approximation is acceptable as the first attempt of analysis in the absence of a full theory of this response.
Within this approximation, we utilize eq 1 as the starting equation in our LAOS analysis:
Here, ƒ LAOS (p, q, s) is the distribution function in the phase space (p, q) at time s under LAOS.
(ƒ LAOS is defined in the absence of the electric field.) This ƒ LAOS (p, q, s) is synchronized with LAOS to oscillate at X with some phase difference d (defined with respect to the electric field at time 0). In the simplest case, ƒ LAOS (p, q, s) can be written in a form (16) with I base ¼ Z dp dq K base ðp; qÞ; I osc ¼ Z dp dq K osc ðp; qÞ; and r ¼ I 
In eq 16, K base (p, q) and K osc (p, q) indicate the unnormalized distribution functions representing the nonoscillatory (base) and oscillatory parts of ƒ LAOS (p, q, s), respectively. The denominator in the first line of eq 16 guarantees the normalization, $ dp dq f LAOS (p, q, s) ¼ 1 at any s.
Substituting eq 16 into eq 15, we obtain 
with X a!1
y K base p; q ð Þ R dp dqK base p; q ð Þ and
In eq 20, we have factorized W n (t À s) (n ¼ base, osc) into an intensity part, hR 2 y i n LAOS , and a normalized, time-dependent part, R a!1 g n,a exp{À(t À s)/s n,a } (¼ 1 at s ¼ t). Substituting eq 20 into eq 18 with E(s) ¼ E 0 sin xs (small electric field), we find
with 1, 2, …) ; see the coefficients S and C given by eq 24. Namely, the full information for the chain dynamics under LAOS, being represented by a set of W base (t) and W osc (t), can be obtained only when all these components of P LAOS (t) are measured. However, in the rheodielectric studies under LAOS conducted so far, 11, 12 only the component oscillating at x was measured and converted to e 0 LAOS (x) and e 00 LAOS (x). Thus, the full information for the chain dynamics under LAOS was not obtained in those studies.
Nevertheless, it is still informative to examine the molecular meaning of the e 00 LAOS (x) data in literature. 11, 12 From the second term in the first line of eq 23, we find (25) with
(We have again introduced the correction factor F for the internal electric field and the prefactor of 4p in MKSA units; cf. eq 4). For well entangled linear PI, Höfl et al. 11 and Capaccioli et al. 12 showed that the x dependence of the e 00 LAOS (x) data (i.e., relative dielectric mode distribution) hardly changes under LAOS, in particular at low x where the global dynamics of PI is detected. This fact suggests that the relaxation time and mode distribution of the unnormalized correlation function, W base (t), are insensitive to LAOS. This result appears to be in harmony with the shearrate insensitivity of the rheodielectric data of PI measured under steady shear. From the first line in eq 16 together with a mathematical formula, Each chain has small chargesl and Àl at its ends, as explained in the previous section. In the simulation, the macroscopic polarization and the corresponding e 00 LAOS (x) were directly evaluated from the spatial distribution of the chain ends without utilizing any correlation function. In Figure 2 , the simulated e 00 LAOS (x) is normalized by the dielectric intensity De eq at equilibrium and plotted double-logarithmically against the normalized frequency of the electric field, xs o e . The simulated dielectric relaxation time s e (c 0 ; X) ($ reciprocal of the peak frequency) decreases with increasing c 0 . Experiments indicated no significant decrease of s e (c 0 ; X) with c 0 , 11, 12 which suggests a need to refine the chain dynamics considered in the simulation. However, the simulated dielectric mode distribution (seen as the shape of the e 00 LAOS curve) is not significantly affected by LAOS, which is in harmony with the experiments. 11, 12 In the simulation, hR 2 y i LAOS was evaluated straightforwardly as the squared end-to-end distance of the chain in the shear gradient direction averaged over many chains during one cycle of LAOS, and the hR (Fig. 2) , and the hR 
CONCLUDING REMARKS
We have examined the molecular expression of rheodielectric response of type-A chains (e.g., PI) having small dipoles. The Langevin analysis suggested that the relaxation time is exactly the same for the rheodielectric relaxation function and the end-to-end vector autocorrelation function under steady shear and that the relaxation mode distribution coincides for these functions at least up to the second order of shear rate. Thus, the GreenKubo theorem satisfactorily describes the rheodielectric response under steady shear up to a fairly high shear rate where the rheological nonlinearity is clearly observed experimentally (while the rheodielectric data are not much affected by the shear). Consequently, the rheodielectric intensity at those shear rates is proportional to the meansquare chain size in the shear gradient direction, hR 2 y i (¼ average over the time-independent conformational distribution function).
In contrast, under LAOS, the distribution function f LAOS is synchronized with LAOS to split into a time-independent base part and an oscillatory part. Correspondingly, the rheodielectric response (polarization P LAOS (t)) also splits into components oscillating at x and x AE bX (b ¼ 1, 2, …), where x and X are the angular frequencies of electric field and LAOS, respectively. The components of P LAOS (t) oscillating at x and x AE bX correspond to the end-to-end vector correlation averaged over the base and oscillatory parts of f LAOS , respectively. Because of the splitting, the e 00 LAOS (x) data (equivalent to the component of P LAOS oscillating at x) do not have the intensity being proportional to hR 2 y i. In other words, the e 00 LAOS (x) data cannot give the information for the mean-square chain size defined with respect to f LAOS . However, the e APPENDIX A: DERIVATION OF EQ 1 AT EQUILIBRIUM 13 Applying a time (t) dependent weak electric field E(t) to an equilibrium system of type-A chains, we measure the macroscopic polarization P(t) in the direction of the field (¼ y direction). This P(t) is expressed in terms of the end-to-end dipolelR y,j of jth chain in the system (withl ¼ type-A dipole moment per unit length of the chain backbone and R y,j ¼ y component of the end-to-end vector) as P(t) ¼ $dp dq {R jl R y,j } f(p, q, t). Here, f(p, q, t) is the conformational distribution function in the presence of the electric field: f(p, q, t) is defined in the phase space specified by general momentum p and coordinate q. For the weak field E(t), f(p, q, t) is given by a sum of the time-independent equilibrium distribution function, f o (p, q), and a perturbation due to the small electric field, Df(p, q, t). Since the macroscopic polarization is exclusively due to the electric field (i.e., $dp dq {R jl R y,j } f o (p, q) ¼ 0), P(t) is written as PðtÞ ¼ Z dp dq fR jl R y;j g Df ðp; q; tÞ (A1)
The Hamiltonian of the system, determining the time evolution of Df(p, q, t) and thus of P(t), is given by Hðp; q; tÞ ¼ H o ðp; qÞ À fR jl R y;j gEðtÞ (A2)
Here, H o (p, q) is the equilibrium Hamiltonian for the configuration (p, q) in the phase space, and the À{R jl R y,j }E(t) term represents the electrostatic energy under the electric field. The time evolution of the distribution function ÀðtÀsÞL ½fR jl R y;j g;
where L is the Liouville operator defined as LA
, A]. Substituting eq A4 into eq A1, we find
In eq A5, we have utilized a feature of the Liouville operator, $dp dq A(p, q){L n B(p, q)} ¼ $dp dq {(ÀL) n A(p, q)}B(p, q). 
APPENDIX B: LANGEVIN ANALYSIS Solution of Langevin Equation
The Langevin equation describing the time evolution of the segment position r(n, t) of type-A chain under shear and electric fields, eq 6 in the text, can be rewritten as a series of coupled time evolution equations for the amplitudes of the Rouse eigenmodes, {X p (t), Y p (t), Z p (t)} with p ! 0 (defined by eq 8). Considering the independence of the internal motion of the chain and the motion of center of mass (described by the Rouse modes with p ! 1 and p ¼ 0, respectively), we may introduce extended amplitudes n, with its component being defined by n 3pÀ2 (t)
, and n 3p (t) ¼ Z p (t) with p ! 1, and compactly express this series of equations as
Here, f is the segmental friction coefficient and A is the matrix defined by eqs 11 and 12 in the text. B is a vector with its components defined as the Fourier components of the Brownian force in the a direction, F B,a (n, t) (a ¼ x, y, z): D is a vector composed of Fourier components of the electrical force (F E specified by eq 5),
We may introduce a matrix Q that diagonalizes A to solve eq A7 by a standard method. The solution, obtained for Y p (t) (¼ n 3pÀ1 (t)) and X p (t) (¼ n 3pÀ2 (t)), can be summarized as
Here, Q i,j and Q À1 i;j are the i,j components of Q and its inverse matrix Q
À1
, respectively, and K b is b-th eigenvalue of A divided by f, that is, {Q
Since the y component of the end-to-end vector is given by R y (t) ¼ R p!1 Y p (t){cos ppÀ1}, the polarization P ss (t) under steady shear at a time t after imposition of a small constant electric field, E ([ 0), is straightforwardly obtained from eq A10 as
where U un ss (t; _ c) is the unnormalized dielectric relaxation function given by
In derivation of eq A13, we have utilized a relationship deduced from the white noise character of the Brownian force, hB j (n, t)i ¼ 0. (Note that neither the autocorrelation, hR y (t þ s)R y (s)i s!1 , nor the crosscorrelations, hR y (t þ s)R x (s)i s!1 and hR x (t þ s)R y (s)i s!1 , contribute to P ss (t; _ c); see eq A12.) Similarly, we can utilize the other relationship deduced from the white noise character,
, to find an expression of the end-to-end vector correlation function from eq A10 with D a ¼ 0 (in the absence of the electric field), 
Perturbation Expansion
Since the matrix A (determined by the operator K in eq 6) depends on the shear rate _ c in general, the diagonalizing matrix Q and its inverse matrix Q À1 are also dependent on _ c. Thus, Q and Q À1 can be expanded, up to O( _ c 2 ), as
Here, the superscripts ''(0)'', ''(1)'', and ''(2)'' stand for the zero-th, first, and second-order expansion coefficients. The zero-th Q (0) and Q
, respectively, are identical to Q and Q À1 at equilibrium and satisfy an orthogonal relationship (because A is exactly symmetric at equilibrium),
The first and second-order coefficients for Q À1 , Q
(1) and Q
, are not necessarily identical to the inverse matrices of the coefficients for Q, Q (1) and Q (2) . Since Considering the above features of Q and Q
À1
, we can examine the symmetries of two correlation functions, S yx (n, n 0 , t) : hu y (n, t)u x (n 0 , 0)i and S yy (n, n 0 , t) : hu y (n, t)u y (n 0 , 0)i, defined with respect to the y and x components of the bond vector u(n, t) (¼ @r(n, t)/@n) under steady shear. The symmetries of these functions provide us with useful information for the mode distribution of the unnormalized dielectric relaxation function U un ss (t; _ c) and end-to-end vector correlation function W ss (t; _ c), as explained below. The steady state is considered to be already achieved at time 0. Then, from eq A10, S yx and S yy are easily calculated as
and S yy ðn; n 0 ; tÞ ¼ X
A simple consideration of shear symmetry indicates that S yx changes its sign on inversion of the shear direction and is an odd function of _ c. In contrast, S yy is invariant to this inversion and is an even function of _ c (which is the case also for U un ss (t; _ c) and W ss (t; _ c)). Thus, at any time t and for any indices p and p 0 , the terms of the order of _ c 2k and _ c 2k þ 1 (k ¼ 0, 1,…) obtained after expansion with respect to _ c are required to vanish for
) (even function of _ c; cf. eq 13a), and Q and Q À1 are expanded in the form of eq A15. Considering these expansion forms as well as the orthogonal feature of Q (0) (eq A16), we can calcu-
) terms from eqs A19b and A20b to find the conditions satisfying this requirement, as explained below.
The 
This h ð1Þ p;p 0 ;b is required to vanish for any set of the indices, p, p 0 , and b. This is a strong requirement when combined with eq A21, and a ''sufficient condition'' to meet this requirement is given by 
Combining eq A24 with eqs A16 and A17, we also findQ
Note that eqs A23 and A24 are not identical to the ''sufficient and necessary'' condition. For example, eq A24 does not need to hold for particular values of p and b giving Q 
Combining eq A27 with eqs A16 and A18, we notẽ
We now consider the expansion forms of the unnormalized dielectric relaxation function and the end-to-end vector autocorrelation function up 
Namely, U
(t) at any t, and these functions are rigorously proportional to each other (which confirms the validity of GreenKubo theorem at equilibrium).
For W ss (t; _ c), the first order expansion coefficient W ð1Þ ss (t) vanishes because of eqs A23 and A24. (W ss (t; _ c) is identical to R N 0 dndn 0 S yy (n, n 0 , t) and has the same symmetry as S yy (n, n 0 , t) with respect to _ c, so that eqs A23 and A24 deduced from the invariance of S yy (n, n 0 , t) on inversion of the shear direction automatically give W . This conclusion is based on the ''sufficient'' condition deduced from the symmetries of S yx (n, n 0 , t) and S yy (n, n 0 , t) with respect to _ c under steady shear, and we cannot rigorously rule out an anomalous type of dynamics that allows the entangled polymer chains to violate the Green-Kubo theorem up to O( _ c 2 ). However, we expect that the entanglement dynamics is equivalent to the Rouse dynamics being modified due to the topological constraint and this constraint does not severely change the Rouse Hamiltonian. The Rouse Hamiltonian ensures the validity of the GreenKubo theorem. Thus, the Green-Kubo theorem quite possibly holds for actual entangled chains under steady shear at least up to O( _ c 2 ).
APPENDIX C: FORMAL THEORY OF LINEAR RESPONSE IN NONEQUILIBRIUM STEADY STATE
Recently, formal theories of linear response under specific nonequilibrium steady state conditions have been developed on the basis of Langevin equation. 20, 21 These theories are mathematically exact, but the current formulation is applicable only to idealized, simple systems. For realistic (and complicated) systems such as the system of type-A polymer chains, it is difficult to analyze quantitatively the linear response under steady shear within the context of those formal theories. Nevertheless, it is informative to utilize the theories to compare qualitatively the linear responses of idealized and realistic materials, colloidal particles driven by a constant force along a circular orbit 20, 21 and type-A chains under steady shear, thereby examining the characteristic feature of the type-A chains. This comparison is made below.
We first consider the colloidal particle on a circular orbit driven by a constant force along this orbit 20, 21 : the particle position is measured with a curvilinear coordinate x that has multiple values according to the number of round travels along the orbit. (x increases by the orbit length L o on each round trip of the particle in a positive direction.) Utilizing this coordinate, we can model the particle motion as one-dimensional motion along an infinite axis (À1 \ x \ 1). The particle is subjected to the constant driving force 
It can be straightforwardly shown that a constant probability current J 0 emerges in the steady state and thus the thermal equilibrium is not achieved in this state. The velocity autocorrelation function of the particle (related to the particle diffusion) is calculated from eq A33, as explained below. In general, a linear response function H of a physical quantity A against a field conjugate to a physical quantity B can be rigorously calculated with a standard method 27 as
where b ¼ 1/k B T, t : J 0 /f ss with f ss being the steady state probability distribution function, and the subscript ''ss'' stands for the quantity in the steady state in the absence of the field. The first term in the right hand side of eq A34 is of the usual Green-Kubo form and the second term gives a nonequilibrium correction in the steady state. The velocity autocorrelation function of the driven particle is straightforwardly obtained by substituting A ¼ ẋ À hẋi ss and B ¼ x in eq A34 as
It has been shown that the second term (correction term) is not negligible compared to the first term 20, 21 partly because the average hẋi ss has a nonzero value. In fact, the asymptotic form of the second term at short times (t À s ! 0), obtained after integration by parts, is expressed in terms of the constant driving force F 0 , constant probability current J 0 , and the potential periodicity L as 20 
Àb
As can be noted from eqs A35 and A36, the second term has a large absolute value comparable to the first term at short times, 20 and both terms decay In eq A38, we have introduced, in analogy to the one dimensional case, the local velocity v(n) : J(n)/f ss , where J(n) denotes the steady state probability flux at the position of the n-th segment and f ss is the steady state probability distribution function. The rheodielectric response function of the type-A chains defined in the shear gradient direction is obtained by replacing both of A and B in eq A38 by the end-to-end dipole in this direction,lR y : This H(t) is contributed from not only the GreenKubo term (first term in the right hand side) but also the nonequilibrium correction term (second term), which is formally similar to the case of driven particle (eq A35). However, we also note a quantitative difference between eqs. A39 and A35. The asymptotic form of the correction term in eq A39 at short times (t À s ! 0) is found to be
In derivation of eq A40, we have made integration by parts and utilized a relationship P n @Jðn;sÞ @rðn;sÞ ¼ 0 (indicating the lack of divergence of the steady state probability flux). As can be noted from eqs. A39 and A40, at short times the Green-Kubo term is much larger, in magnitude, compared with the correction term ($0), and both term decays at long times to result in the relaxation of the response function H. Thus, the nonequilibrium correction seems to have only minor contribution to H of the type-A chains in the entire range of time, although this correction may increase its magnitude to have a somewhat larger contribution at intermediate times.
The above discussion suggests that the nonequilibrium correction is minor for the rheodielectric relaxation function of the type-A chains under steady shear. This result lends support to the (approximate) validity of the Green-Kubo theorem for the rheodielectric response of type-A chains discussed in the text on the basis of the linearized Langevin equation (eq 6). Of course, the above analysis is approximate, and it is strongly desired to develop a linear response theory that enables a quantitative analysis of the actual rheodielectric behavior of type-A chains. At the same time, we believe that the analysis presented in this paper has an importance as the first attempt in the absence of such a theory.
Finally, it is informative to consider the origin(s) of the difference between the type-A chains and the driven particle, the former satisfactorily obeying while the latter violating the Green-Kubo theorem. This difference may be partly related a coupling incorporated in the Langevin equation. Namely, the particle position x, the quantity averaged in the response function H, is directly coupled with the driving force F 0 and frictional force fẋ in eq A33, while in eq A37 the y component of the end-to-end vector R y of the type-A chain (averaged in H) is not directly coupled with the frictional force due to steady shear acting in the x direction. This difference could lead to the difference of the validity of the Green-Kubo theorem. (In fact, the analysis based on eq A37 as well as eq 6 shows that the theorem severely fails for the crosscorrelation between R y and R x , the latter being coupled directly with the frictional force due to steady shear.) In addition, the average hẋi ss for the particle has a nonzero value while the average h _ R y i ss for the type-A chains vanishes, which may also contribute to the difference between the particle and type-A chains.
APPENDIX D: NAPLES SIMULATION
Masubuchi et al. 25 developed a method of coarse-grained molecular simulation (NAPLES) for entangled chains based on the primitive chain network model. In this model, the network is composed of Gaussian chains that are pair-wise connected at temporary slip links (that represent entanglements), and the chains are allowed to slide along the array of slip links according to a balance of forces acting on each portion of the chains between slip links (this portion is referred as a strand); the forces considered are the frictional force from a medium, the elastic force due to the conformational entropy of a strand, the Brownian force activating diffusion, and the thermodynamic force reducing any spatial gradient of segment density (a force due to chemical potential). The segment number in each strand is also allowed to fluctuate according to a similar force balance. The slip link fluctuates/moves in space following the force balance for the strands. In addition, the slip link penetrated by a strand at the chain end is occasionally removed/created on decrease/ increase of the segment number in this strand below/above critical values. Mathematical formulation of these kinetic changes has been explained elsewhere. 25, [28] [29] [30] Masubuchi et al. 25, [28] [29] [30] showed that the NA-PLES simulation describes considerably well the linear and nonlinear viscoelastic behavior of entangled homopolymers including PI (and the dielectric behavior of linear PI at equilibrium). For PI under steady shear, they also conducted a preliminary NAPLES simulation 26 incorporating the so-called convective constraint release (CCR) 31 and hidden entanglement appearance (HEA) 32 mechanisms to calculate the rheodielectric response. The CCR mechanism represents the release of the entanglement for a given chain due to retraction of surrounding chains under fast shear (that is still slower than their Rouse motion), and the HEA mechanism considers that a chain that was neighboring to but not entangled with the given chain before occurrence of CCR is hooked by that chain after CCR. In the rheodielectric simulation, Masubuchi et al. 26 put positive and negative charges at respective ends of the entangled linear chains and directly evaluated, by monitoring the spatial distribution of these charges, the macroscopic polarization P ss (t) induced by a weak electric field E. These charges are equivalent to a sum of type-A dipoles of the chain. Thus, the simulation well mimicked the actual rheodielectric experiments for PI under steady shear. In the simulation, the macroscopic dielectric relaxation function directly obtained from this P ss (t) well agreed with the correlation function of the endto-end vector R y in the shear gradient direction, 26 lending support to eqs 14a and 14b in the text.
In this study, we have again conducted the NAPLES simulation (with the CCR and HEA mechanisms) for the rheodielectric behavior of entangled PI under steady shear as well as LAOS. Among several versions of NAPLES with minor differences, the simulation was performed with the code used in recent studies showing quantitative prediction of linear [28] [29] [30] and nonlinear 30 viscoelastic behavior. The CCR and HEA mechanisms were incorporated in the simulation, and the HEA parameter l c 2 , specifying a spatial range where the entanglement can be created, was set at 2.0, as done in the previous study. 26 The simulation was made for monodisperse linear chains each having 9.6 entanglement segments on average at equilibrium. The simulation box size and segment density were (16a)
